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Abstract:
Five dimensional FRW space-time is considered in the presence of perfect fluid proposed by
Brans-Dicke [1] theory of gravitation. Stiff fluid, disordered radiation, dust and false vacuum
models are considered in the framework of Brans-Dicke theory of gravitation. Physical
properties and kinematical properties of the models are also discussed.
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I. INTRODUCTION
Perfect fluid is the most frequently encounter fluid in modelling our universe. Perfect fluid
physicists is those fluid which can be completely characterised by their rest frame pressure
and density. In perfect fluid, pressure is isotropic, so in all direction the pressure of perfect
fluid is same. There is no shear stress, no conduction, and no viscosity in a perfect fluid. We
know that the matter in the universe obeys the perfect fluid hypothesis. So the large number
of investigations in relativistic cosmology pertains to situations of perfect fluid distributions.
The limiting case of equation of state p=𝜌 is known as stiff fluid or Zel'dovich fluid is
considered by various authors for constructing models of the universe. The solution of the
Einstein's field equations with the "stiff equation" of state are considered in several contexts,
mostly of an astrophysical nature, particularly in situations involving "white holes" lagging
cores of a big-bang cosmology, rotating neutron stars (pulsars) or a central region of quasars
and inhomogeneous cosmological models. The equation of state defined by a special
barotropic fluid is given by p+𝜌=0. The condition p+𝜌=0, 𝜌>0 satisfying by the fluid is called
𝜌 vacuum" or "degenerate vacuum" or "false vacuum" [Davies, [2]; Blome and Priester, [3];
Hogan [4] and Kaiser and Stebbins, [5]]. The fluid for the equation of state p=0, 𝜌≠0 is
known as dust distribution and the fluid for 𝜌=4p is known as disorder distribution (Radiating
model) respectively. During condensed phase of the evolution the concept of dust as well as
the fluid breaks down (Bichteler, [6]). In this case quantum mechanical description has to be
used. For p (=𝜌) = 0 (i.e. when pressure and energy density are zero), then this case is known
as vacuum case. In Case of vacuum the space time does not contain any matter i.e. 𝑇µʋ = 0.
By discussed the various thoughts around Mach's principle the Brans and Dicke being an
outcome. The idea of Mach that the phenomenon of inertia arises from accelerations with
respect to the general mass distribution of the universe is the starting point of Brans and
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Dicke. So the inertial masses of the various elementary particles ought not to be fundamental
constant but should rather represent the particles interaction with some cosmic field. In
particular Brans and Dicke theory of gravity is the most important one among all other
existing alternative theories of gravity. The Saez and Ballester [7] are playing very important
role in the discussion of modern cosmology. The recent inflationary model (Mthiazhagan and
Johri [8]), extended inflationary model (La and Steinhardt [9]), hyper extended inflationary
model (Steinhardt and Aceeta [10]), Chaotic inflation (linde [11]) are based on Brans and
Dicke theory of gravitation. Brans and Dicke defined a scalar-tensor theory of gravitation
involving a scalar field ϕ in addition to the familiar general relativistic metric tensor field
𝑔𝑖𝑗 . In Brans and Dicke theory, instead of a gravitational field, a dynamical scalar field has
been introduced to account for the variable gravitational constant to incorporate Mach's
Principle. The Brans and Dicke field equations for combined scalar and tensor fields are
define by,
1

𝜔

1

1

𝑅𝑖𝑗 − 2 𝑔𝑖𝑗 𝑅 + 𝜙2 (𝜙,𝑖 𝜙,𝑗 − 2 𝑔𝑖𝑗 𝜙,𝑘 𝜙 ,𝑘 ) + 𝜙 [𝜙𝑖;𝑗 − 𝑔𝑖𝑗 □𝜙] = 8𝜋𝜙 −1 𝑇𝑖𝑗
8𝜋𝑇

□𝜙 = 𝜙;𝑖,𝑖 = 3+2𝜔

(1)

(2)

which is a consequence of the field equations (1) and (2), where 𝜙 is the scalar field, ω is the
dimensionless coupling constant and 𝑇𝑖𝑗 is the stress energy tensor of the matter. Here comma
and semicolon represent partial and covariant differentiation respectively.
The Friedman-Robertson-Walker (FRW) model defined spatially homogeneous and isotropic
universe in four dimensions. The study of five dimensional space-time has been an immense
interest in recent years because of the fact that the cosmos at its early stage of evolution of the
universe might have had a higher dimensional era. Marciano [12] has suggested that the
experimental detection of the fundamental constants with varying time could produce the
evidence for the existence of extra dimensions. Many rechargers to the field equation of a
higher dimensions Witten [13], Appelquist et al. [14], Chodos and Detweiler [15] were
attracted to the study of higher dimensional cosmology because the universe has undergone
compactification transitions.
Many authors investigated five dimensional cosmological models in Brans and Dicke theory
of gravitation. (Reddy et al [16]; Reddy et al. [17]; Amir F. Bahrehbakhsh et al. [18]; Singh
and Singh [19]; Naidu et al. [20], Reddy and Vijayalakshmi [21], V.U.M. Rao et al. [22];
T.Ramprasad et al. [23]; D.R.K. Reddy et al. [24]; G. P. Singh and Binaya K. Bishi [25];
V.U.M.Rao et al. [26]; Y. Aditya and D. R. K. Reddy [27] and Jianbo Lu1 et al. [28]).
Recently, Rami Ahmad El-Nabulsi [29] have discussed about Five-dimensional Brans Dicke
compactified universe dominated by a varying speed of light.
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Motivated by the above study and discussion, in this paper we investigated five dimensional
FRW Zeldovich or Stiff fluid, Radiating, Dust and False vacuum or inflationary models in
Brans and Dicke theory of gravitation.

II. METRIC AND FIELD EQUATIONS
Let us consider five dimensional FRW space time metric in the following form

𝑑𝑟 2

𝑑𝑠 2 = 𝑑𝑡 2 − 𝑎2 (𝑡) [(1−𝑘𝑟 2 ) + 𝑟 2 (𝑑𝜃 2 + sin2 𝜃𝑑 𝜙 2 ) + (1 − 𝑘𝑟 2 )𝑑𝜓2 ]

(3)

Where a(t) is the expansion scale factor of the universe and k=1, 0, -1, for space of positive,
vanishing and negative curvature parameter representing closed, flat and open models of the
universe respectively.
For the metric (3), the non-zero components of the Einstein tensor are
𝑎2̇

𝑎̈

𝑘

𝐺11 = 𝐺22 = 𝐺33 = 𝐺44 = 3 𝑎 + 3 𝑎2 + 3 𝑎2
𝑎2̇

(4)

𝑘

𝐺55 = 6 𝑎2 + 6 𝑎2

(5)

Here an overhead dot represents differentiation with respect to cosmic time t.
The energy momentum tensor in the presence of a perfect fluid is given by
𝑇𝑗𝑖 = (𝜌 + 𝑝)𝑢𝑖 𝑢𝑗 − 𝑔𝑖𝑗 𝑝

i, j = 1,2,3,4,5

(6)

𝑢𝑖 𝑢𝑖 = 1, 𝑢𝑖 𝑢𝑗 = 0

Here,
(7)
𝑖𝑗

𝑇;𝑗 = 0

(8)

Therefore,
𝑇55 = 𝜌;

𝑇11 = 𝑇22 = 𝑇33 = 𝑇44 = −𝑝

𝑇 = 𝑇11 + 𝑇22 + 𝑇33 + 𝑇44 + 𝑇55 = 𝜌 − 4𝑝

(9)
(10)

III. Solutions and the models
Now applying co moving coordinates, the field equations (1)-(2) with the help of equations
(4)-(10), for the FRW metric space (3), can be expressed as
𝑎2̇

𝑘

6 𝑎2 + 6 𝑎2 +
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𝑎𝜙

+ 4 𝑎𝜙 = 8𝜋𝜙 −1 𝜌
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𝑎̈

𝑎2̇

𝑘

3 𝑎 + 3 𝑎2 + 3 𝑎2 −

𝜔 (𝜙̇)

2

𝜙2

2

̇̇
𝑎𝜙

𝜙̈

+ 3 𝑎𝜙 + 𝜙 = 8𝜋𝜙 −1 𝑝

(12)

̇̇

𝑎𝜙
𝜙̈ + 4 𝑎 = 8𝜋(3 + 2𝜔)−1 (𝜌 − 4𝑝)

(13)

𝑎̇

𝜌̇ + 4 𝑎 (𝜌 + 𝑝) = 0

(14)

The Physical parameters of the observational interest are, Hubble parameter H and
deceleration parameter q which are given by
𝐻=
𝑞=

𝑎̇
𝑎

(15)

−(𝐻̇ + 𝐻 2 )
𝐻2

(16)

Field equation (11)-(14) are three independent equations in four unknowns a, 𝜙, p, and 𝜌
[equation (14) being the consequence of equation (11)-(13)]. So we need an extra condition
to obtain a determinate solution. Here we find five dimensional FRW flat models (i.e, k=0).
Let us consider the well accepted relation between scalar field 𝜙 and the scale factor of the
universe a(t) defined by
𝜙 = 𝜙0 𝑎𝑛

(17)

where 𝜙0 and n > 0 are constants. Here we define the solution of the field equations for the
following physically important models in this particular case.
3.1. Case (1): Zeldovich or Stiff fluid model (i.e, 𝜌=p)

In this case using equation (17), the field equations (11)-(13) gives the following solutions for
the scale factor
1

(18)

𝑎(𝑡) = [(𝑛 + 4)(𝑎0 𝑡 − 𝑡0 )]𝑛+4
where the scalar field is given by
𝑛

𝜙 = 𝜙0 [(𝑛 + 4)(𝑎0 𝑡 − 𝑡0 )]𝑛+4

(19)

Now with the proper choice of coordinates and integration constant the five dimensional
FRW flat models, in this particular case becomes (i.e. 𝑎0 = 1)
2

𝑑𝑠 2 = 𝑑𝑡 2 − [(𝑛 + 4)(𝑡 − 𝑡0 )]𝑛+4 [𝑑𝑟 2 + 𝑟 2 (𝑑𝜃 2 +sin2 𝜃𝑑𝜙 2 ) + 𝑑𝜓 2 ]

(20)

Along with the scalar field, in the model, given by
𝑛

𝜙 = 𝜙0 [(𝑛 + 4)(𝑡 − 𝑡0 )]𝑛+4
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Equation (20) defined five dimensional flat FRW cosmological model corresponding to stiff
fluid in Brans-Dicke scalar-tensor theory of gravitation with the following physical and
kinematical parameters which are important in the discussion of cosmology.
The spatial volume in this case is given by
4

𝑉 = 𝑎4 = [(𝑛 + 4)(𝑡 − 𝑡0 )]𝑛+4

(22)

The Hubble parameter H is defined by,
𝐻=

1
(𝑛 + 4)(𝑡 − 𝑡0 )

(23)

Deceleration parameter q is
𝑞 =𝑛+3

(24)

In this case, 𝜌 = p, so the energy density and pressure are given by
𝑛+8

𝑛+4 𝜔𝑛2
1
8𝜋𝜌 = 8𝜋𝑝 = 𝜙0 [
]
[
+ 4𝑛 + 6]
(𝑛 + 4)(𝑡 − 𝑡0 )
2

(25)

From equation (22), (23), (24) and (25) we obtained that the volume scale factor of the
universe increases with the growth of cosmic time which shows the spatial expansion of the
universe. At t=0 (i.e, at the initial epoch), the Hubble parameter, the energy density and
pressure assume infinitely large values whereas with the growth of cosmic time they decrease
to null values at t→∞. We have also found that the deceleration parameter of the model is q >
0. We know that if q < 0 the model accelerates and when q > 0, the model decelerates in the
standard way. Hence in this case the model in five dimensions decelerates in the standard
way which is not in accordance with the present day scenario of accelerated expansion of the
universe. However, the universe will accelerate in finite time after compactification transition
and cosmic re-collapse where the universe in turn inflates, decelerates and then accelerates
(Nojri and Odinstov [30]).
3.2. Case (ii): Radiating models in five dimensions
In this case 𝜌=4p, hence the field equations (11)-(13) for flat models (i.e, k=0) reduces to two
independent equations
6

𝑎2̇
𝜔 𝜙̇ 2
𝑎̇ 𝜙̇
+
(
)
+
4
= 32𝜋𝜙 −1 𝑝
𝑎2 2 𝜙
𝑎𝜙

2
𝑎̈
𝑎2̇
𝜔 𝜙̇
𝑎̇ 𝜙̇ 𝜙̈
3 +3 2− ( ) +3
+ = −8𝜋𝜙 −1 𝑝
𝑎
𝑎
2 𝜙
𝑎𝜙 𝜙
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To find a determinate solution of the field equations (26) and (27), we apply the special law
of variation for the Hubble's parameter proposed by Berman which is define by
𝑞=−

𝑎𝑎̈
= 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
𝑎2̇

(28)

Here q is the constant deceleration parameter of the model of the universe.
From equation (28), we get
1

𝑎(𝑡) = (𝑐𝑡 + 𝑑)1+𝑞

(29)

where c ≠ 0 and d are constant of integration. From equation (29) we get 1+q> 0. Now using
equation (29) the field equations (26) and (27) after redefining the constants gives the metric
coefficients as
1

𝑎(𝑡) = (𝑡 − 𝑡0 )1+𝑞

(30)

𝑛
1+𝑞
)

(31)

where the scalar field is given by
𝜙 = 𝜙0 (𝑡 − 𝑡0

Now, for flat model (i.e. k=0) in this case the metric (3) is defined by
2

𝑑𝑠 2 = 𝑑𝑡 2 − (𝑡 − 𝑡0 )1+𝑞 [𝑑𝑟 2 + 𝑟 2 (𝑑𝜃 2 +sin2 𝜃𝑑𝜙 2 ) + 𝑑𝜓 2 ]

(32)

The model (32) along with equation (31) represent a flat FRW five dimensional cosmological
model in Brans-Dicke scalar-tensor theory of gravitation which can be considered as
analogous to radiating model of general relativity in four dimensions. This universe describes
the early stages of evolution of the universe with the following physical and kinematical
parameters of the model which are important in the physical discussion of cosmology.
In this case spatial volume V is define by
4

𝑉 = 𝑎4 = (𝑡 − 𝑡0 )1+𝑞

(33)

The Hubble's parameter H is given by
𝐻=
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Energy density is
𝑛

(𝑡 − 𝑡0 )1+𝑞
𝜔𝑛2
8𝜋𝜌 = 𝜙0
[
+ 4𝑛 + 6]
[(1 + 𝑞)(𝑡 − 𝑡0 )]2 2

(35)

The pressure is define by
𝑛

(𝑡 − 𝑡0 )1+𝑞
𝜔𝑛2
32𝜋𝑝 = 𝜙0
[
+ 4𝑛 + 6]
[(1 + 𝑞)(𝑡 − 𝑡0 )]2 2

(36)

From the above result we obtain that the universe in this case also behaves in the similar way
as in the case (i) of stiff fluid universe since 1+q > 0.
3.3. Case (iii): dust model (i.e. p=0)
In this case for flat model (i.e. k=0), equations (11)-(13) gives the two independent equations
6

𝑎2̇
𝜔 𝜙̇ 2
𝑎̇ 𝜙̇
+
(
)
+
4
= 8𝜋𝜙 −1 𝜌
𝑎2 2 𝜙
𝑎𝜙

2
𝑎̈
𝑎2̇
𝜔 𝜙̇
𝑎̇ 𝜙̇ 𝜙̈
3 +3 2− ( ) +3
+ =0
𝑎
𝑎
2 𝜙
𝑎𝜙 𝜙

(37)

(38)

Proceeding in the similar way as in the case (ii) we obtain the same model given by equation
(32) with the scalar field, the energy density, and the pressure given by equation (31), (35)
and (36) respectively. The physical behavior of the universe is the same as in the case (ii)
except that p=0.
3.4. Case (iv): false vacuum or inflationary model (i.e. 𝜌+p = 0)
In this case for flat model (i.e. k=0) the field equations (11)-(13) given by
3

𝑎̇ 2
𝜙̇ 2 𝑎̇ 𝜙̇
𝑎̈ 𝜙̈
+
𝜔(
)
+
−
3
− =0
𝑎2
𝜙
𝑎𝜙
𝑎 𝜙

(39)

Proceeding in the similar way as in the case (ii) we get the same model given by equation
(32) along with the scalar field given by equation (31) satisfying the following relation [
using equation (30) and (31) in equation (39)]
[𝑛2 (𝜔 − 1) + 𝑛(𝑞 + 2) + 3(1 + 𝑞)]
=0
[(1 + 𝑞)(𝑡 − 𝑡0 )]2

(40)

In this model the pressure is given by
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𝑛

(𝑡 − 𝑡0 )1+𝑞
𝜔𝑛2
8𝜋𝑝 = −𝜙0
[
+ 4𝑛 + 6]
[(1 + 𝑞)(𝑡 − 𝑡0 )]2 2

(41)

From equation (41) it is observed that pressure p is negative which shows that the universe is
in an accelerating mode which is in accordance with the recent scenario of the accelerated
expansion of the universe with exotic pressure.

Fig-1. Volume vs. time
(п=3.14, n=1; 𝑡0 = 0; ω=500, 𝜙0 = 0.001)

Fig-2. Density vs. time for k=0
(п=3.14, n=1, 𝑡0 = 0; ω=500, 𝜙0 = 0.001)

Fig-3. Pressure vs. time for k=0
(п=3.14, n=1, ω=500, 𝜙0 = .001)
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Fig-5. Density vs. time for k= 0
(п=3.14, q=1, n=1, ω=500, 𝜙0 = 0.001)

Fig-6. Pressure vs. time for k= 0
(п=3.14, q=1, n=1, ω=500, 𝜙0 = 0.001)

Fig-7, Pressure vs. time for k= 0
(п=3.14, q=1; n=1, ω=500, 𝜙0 = 0.001)

IV. PHYSICAL INTERPRETATION
Equation (32) represents a five dimensional FRW flat model for radiating, dust and false
vacuum in the scalar-tensor theory of gravitation proposed by Brans and Dicke. For Case (i)
model the spatial volume is given by equation (22) and for Case (ii), case (iii) and case (iv)
are given by equation (33) which shows spatial expansion of the models with the increase in
cosmic time t. The average Hubble parameter in case (i) is given by equation (23) and for
case (ii), case (iii), case (iv) are given by equation (34) which diverges at t = 𝑡0 and will
vanish for infinitely large t. Except case (iv) it is obtained that the pressure and energy
density in all the models diverge at t = 𝑡0 and vanish as t→∞. From equation (41) we find that
in the case (iv) (i.e., false vacuum or inflationary model) the pressure becomes negative
which shows that the universe, in this particular case, is in an accelerating mode. This is in
accordance with the recent scenario of early inflation and late time acceleration of the
universe with exotic pressure. From equation (24) we find that in case of stiff fluid (i.e., 𝜌 =
p) model, the deceleration parameter is positive, so in case (i) the model decelerates in the
standard way.
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V. CONCLUSION
In this paper, we have consider a five dimensional FRW space-time in scalar-tensor theory of
gravitation defined by Brans and Dicke (1961) in the presence of perfect fluid distribution.
The models obtained represents stiff fluid, disorder radiation, dust and false vacuum in a five
dimensional flat FRW space time. It is defined that the model in each case is free from initial
singularity. From figure-1 and figure-4, we have found that the volume scale factor of the
universe increases with the growth of cosmic time t for all cases [i.e. case (i), case(ii),
case(iii) and case(iv)]. Also from figure-2, 3, 5, 6, we obtained that the pressure and energy
density in all the models[(i.e., case(i), case(ii) and case(iii)] diverges at t = 0 and vanish at
t→∞ except case(iv) (i.e., false vacuum). Again from figure-7 we get the pressure is negative
which shows that the universe is an accelerating mode. The models defined here will help us
to understand Brans and Dicke cosmology in five dimension.
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