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Abstract
Many mathematical analysis of ECG provide somewhat meaningful interpretation, and there
by proper diagnosis. One of the possibilities is analysis of time frequency spectra of the
signals. Time frequency analysis reveals changes in signals with the optimum time and
frequency resolution. Thus, it can help to detect low level and short time changes at the same
time. Over the last a decade and half, the Wavelet transform (WT) has proven to be a
valuable tool in many applications of non-stationary signals such as the biomedical signals in
general and ECG in particular. The WT provides a time frequency representation of the
signal, and thus suitable for the inspection of characteristic waves of the ECG signal at
different scales with different resolutions. The application of Wavelet Power Spectrum
(WPS) to ECG signals for extracting useful information is attempted here. The WPS is the
distribution of energy of signal in the time scale plane expressed in power per frequency unit,
like the spectrogram. ECGs of Normal, Hypertensive, Diabetic and Cardiac patients are
included in this study.
Keywords: Wavelet Power Spectrum, ECG, discrete Wavelet transform, aVL lead

I. INTRODUCTION
The incidence of heart disease has doubled in the past 30 years and it is highly likely that
cardiovascular disease (CVD) will soon become the number one killer. People in the high
risk category are those who have a history of heart disease, stroke or diabetes, and/or those
who have hypertension, high cholesterol levels in addition to those who are obese and smoke.
The cumulative effects of aging on the cardiovascular system and the progressive nature of
risk factors substantially increase the risk of heart disease.
Diabetes must be considered as a major risk factor causing CVD. CVD accounts for at least
66% of deaths in diabetic patients [1]. Diabetes mellitus can be considered as a vascular
disease because it causes both microvascular and macrovascular complications [2]. In
addition, studies suggest that diabetic patients are more prone to ‘silent’ or asymptomatic
disease [3],[4],[5] which could be seen in Electrocardiogram (ECG) however with no
symptoms and possibly poorer prognosis.
Hypertension (HT) is a major risk factor for coronary heart disease (CHD). CHD is the first
cause of morbidity and mortality in hypertensive patients [6]. Early detection of changes in
cardiac performance, before irreversible damage to the heart, can contribute substantially to a
further decline in hypertension related death.
The following characteristics in ECG help to identify various problems associated with heart
although to discriminate a patient whether he/she is Normal, Diabetic, Hypertensive or
Cardiac is a difficult procedure even for physicians/specialists based on only ECG analysis
[7].
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1.1Characteristics of Diabetic ECG
There are two types of diabetes mellitus Type 1 (young diabetics) or Insulin dependent
Diabetes Mellitus (IDDM) which is treated with injection of insulin only. Type 2, or Non
Insulin Dependent Diabetes Mellitus (NIDDM), is treated with tablets alone (Metformin,
Glibenglamide, etc) or tablets with injection of insulin (Human insulin is preferable). Both
Type 1 and Type 2 diabetes are independent risk factors for CVD [8][9].
The amplitudes/heights of R and T waves are less and that of P wave is higher in the ECG of
patients suffering from cardiac autonomic neuropathy (CAN) [10] which is either induced by
Type1 or/and Type 2 diabeties. The lower amplitude of the T wave is in accordance with
earlier findings [11], as well as its further drop in the course of advanced stage of diabetes
[12]. QT interval (the distance between the beginning of Q wave and the end point of T
wave) prolongation is a constant feature of CAN [13]. The prolongation of the QT interval,
accompanied by the enhancement of vulnerable phase of the cardiac cycle [14] may be
associated with poor prognosis as well as with the increased risk of sudden death in diabetic
patients with CAN [15],[16]. ECG of a Type 2 diabetic with unstable angina exhibits ST (the
distance between the end point of S wave (QRS complex) and the beginning of T wave)
depression which is more than 0.05 mV or T wave inversions of more than 0.2 mV in at least
2 adjacent leads. Painless ST segment depression is common in diabetic patients. Their ECG
with ST segment depression by 1 mm or more in any lead indicate the onset of Myocardial
Ischemia [17]. Approximately half of all the ischemic ECG abnormalities are silent [18].
Myocardial Infarction is generally diagnosed by a typical chest discomfort with an
appearance of ST elevation or new Q wave in ECG.

The heart rate of a diabetic patient is higher, the duration of the QRS complex is longer and
the PQ interval is shorter than in control subjects. Diabetes mellitus leads to collagen
accumulation in the interstitium of the cardiac muscle, resulting in diffuse damage of the
myocardium [19]. Such a latent derangement of left ventricular function, as a feature of
cardiomyopathy, can be manifested by decreased voltage of the R wave and prolongation of
the QRS complex on ECG at rest. A low R wave was also reported by other authors [20],[21]
and in the course of time it was found to diminish further [22]. A twelve lead resting diabetic
ECG can be within normal limits in contrast with treadmill/exercise ECG even in an
advanced stage of coronary artery disease [18]. Therefore stress test plays an important role
in the detection of significant coronary stenosis (narrowing of cardiac valves) [23],[24].
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1.2 Characteristics of Hypertensive ECG
Repolarization anomalies are frequently found in ECG of hypertensive patients, in particular
negative T waves in the lateral leads (LI, aVL,V5 and V6) indicating systolic overload of the
left ventricle, frequently associated with Left Ventricular Hypertrophy (LVH).
Both ventricular and atrial forms of arrhythmia are common in patients with HT. Atrial
Fibrillation (AF) is the most common form of atrial arrhythmia associated with HT [25].
Patients with an electrocardiographic diagnosis of LVH have a 3.0 to 3.8-fold increased risk
of developing AF [26]. Ventricular arrhythmia is usually triggered by simple or complex
ventricular extra systole whereas the mechanism whereby tachycardia is perpetuated more
usually involves a reentry circuit. Ventricular premature complex is more common in
hypertensive subjects when there is concomitant LVH [27][28]. HT is associated with an
increased risk of sudden death, essentially due to ventricular arrhythmia [29]. There is a
multiplicity of mechanisms related to HT that lead to the development of Myocardial
Ischemia [30]. This leads to an inequality between the transport and consumption of oxygen
by the myocardium.
1.3 Characteristics of Cardiac ECG
Cardiac diseases either induced by long time effect of Diabetes and/or Hypertension or
independently affect the heart adversely resulting in premature death. During acute cardiac
complications, proper interpretation of ECG helps in saving the life. Characteristics of ECG
under severe cardiac conditions are briefly discussed herein.
Many categories of patients are at risk of arrhythmia and/or sudden death. ECG findings
associated with sudden death include; resting tachycardia [31], QT prolongation [32],
frequent premature ventricular contractions [33], non-sustained ventricular tachycardia
[34][35]etc. Prolonged QRS duration is also associated with sudden death [36]. Myocardial
Infarction patients with documented VT (abnormal rapid heart rhythm that originates from
ventricles) have significantly increased high frequency components corresponding to
prolonged QRS durations and ventricular late potentials (VLPs). QT dispersion (QTd) is the
difference between the maximal and minimal QT interval on the standard 12 lead ECG. [37]
have shown that a QTd > 80 ms diagnosed 2–3 months after Myocardial Infarction identifies
patients at increased risk of arrhythmic cardiac death in the next 2–3 years
ST segment depression on the other hand is associated with ischemia and may be a precursor
to death or acute Myocardial Infarction [38]. Heart Rate Variability (HRV) abnormalities are
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strongly associated with mortality [39],[40],[41]. HRV may also be useful for identifying
high risk patients with an increased risk of fatal cardiac events [42].

1.4 Wavelet Power Spectrum
Mathematically, the WPS can be expressed as [43]:

WPS f ( j, k ) = DCWT f ( j, k )

2

….1

where the discretized version of continuous Wavelet transform (DCWT) using the discrete
wavelet 

j, k

(t )

is expressed as:

DCWT f ( j, k ) =  f (t )  * j ,k (t ) dt
where 

j, k

....2

(t ) is the translated and scaled mother wavelet  (t ) . By varying the wavelet scale

and translating along the localized time index, the coefficients of DCWT are obtained which
in turn result the WPS. In the WPS, variation of amplitude versus both time as well as scale is
realized [44]. A non-orthogonal analysis such as the DCWT is highly redundant at large
scales, where the wavelet spectrum at adjacent times is highly correlated. The non-orthogonal
transform is useful for time series analysis, where smooth and continuous variations in
wavelet amplitude are expected [45].
Based on a previous extended survey on wavelets suitable to ECG analysis [46], the wavelets
namely, Morlet wavelet and Mexican hat wavelet are found to be useful in such a study.
1.4 Morlet Wavelet
The Morlet wavelet was formulated by J. Morlet in the field of seismic data analysis [47].
The Morlet wavelet is complex, symmetric with no corresponding scaling function which can
only be used for CWT analysis. Although the Morlet wavelet has infinite support, its
effective support is only in the range [-4 4]. It is one of the first wavelets to be used in
practical time frequency analysis. A Morlet wavelet is formed by a plain wave modulated by
a Gaussian function and it is given by [47]:
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Morlet wavelet ensures better frequency localization however lacks time localization; this is
expected by the Heisenberg’s Uncertainty Principle [48]. Morlet wavelet provides the best
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compromise between time and frequency resolution. When the analysis is focused on
amplitude and phase changes, a complex wavelet such as the Morlet wavelet can be the most
appropriate. This helps to retrieve the oscillatory behaviour of the data. Figure 1 shows the
real and imaginary parts of the Morlet wavelet.
1.5 Mexican Hat Wavelet
Mexican hat or Marr wavelet is symmetric and is the second derivative of the Gaussian
probability density function and is expressed as [49]:

 (t ) =

2
3



−1

4

(1 − t ) e
2

−t

2

2

....4

The shape of this wavelet is similar to that of Mexican hat (Figure 2) This wavelet has two
vanishing moments and evidently the wavelet and all its derivatives have Gaussian decay.
This function has an infinite support; nevertheless its effective support is in the interval [-5,
5]. The Marr wavelet in its generalization to N dimensions is isotropic and therefore cannot
discriminate different directions of the signal [50].
1.6 Mathematical Aspects of Mother Wavelets
The complete Morlet wavelet in contrast with Morlet wavelet given in equation (3) is defined
as [51],[52]

 i t
− 0
e 0 − e 2



2
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4
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e 2



….5

where  0 is the central frequency of the mother wavelet. The second term in the brackets is
known as the correction term, as it corrects for non zero mean of the complex sinusoid of the
first term. In practice it becomes negligible when  0  5 .
In this case, the Morlet wavelet becomes

 (t ) =
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This truncated Morlet wavelet is invariably found in the literature and often referred to as
simply the Morlet wavelet. The Morlet wavelet is a complex sinusoid within the Gaussian
envelope, where the central frequency,  0 in effect determines the number of significant
oscillations of the complex sinusoid in the Gaussian window. The complex sinusoidal
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waveform is contained in the term e

i 0 t

. The Gaussian envelope e

−

t2
2

has unit standard

deviation and confines both the real and imaginary parts of the complex sinusoidal waveform.
The imaginary part is phase shifted from the real part by a quarter period. The term 2  −1 4 is
3

a normalization factor which ensures that the wavelet has unit energy.
The admissibility constant, c of the wavelet is given as:

2 2
e −( − 0 )
c = 

d
3

0


2

….7

Note that various other normalizations are common in literature and each of which requires a
different c to be used to ensure that the original signal and its transform contain the same
energy.
The Fourier transform of the standard Morlet wavelet is given as:

ˆ ( ) =

2 2
3

 e
14

−

( − 0 )2
2

….8

and its energy spectrum is expressed as:

ˆ ( ) =
2

2
8
 e −( − 0 )
3

….9

which implicitly plays a significant role in the corresponding Wavelet transform applications.
Further, the complete Morlet given by equation (5) can be rewritten as:


− 0
4
 (t ) = 
cos 0 t + i sin  0 t − e 2

3


2

2

−1

 −t 2
e 2



….10

The real part of equation (10) is given as:


− 0
4
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On simplification by neglecting the higher order terms, the real part reduces to,
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which is similar to the Mexican hat wavelet given by equation (4).
On the other hand, the complex Mexican hat wavelet which is also known as complex
Gaussian wavelet (No.2) (Figure 3) can be formulated by setting the Fourier spectrum to zero
for negative frequencies prior to inverse Fourier transform.

II. METHODOLOGY
The second cycles in aVL lead of ECGs pertaining to Normal, Diabetic, Hypertensive and
Cardiac patients were denoised using the biorthogonal wavelet ‘bior1.1’ (Figure 4) before
subjecting them for further analysis. After many experiments, biorthogonal wavelets were
found to yield reliable results in signal reconstruction from approximation coefficients of the
discrete Wavelet transform (DWT).
The WPS of known categories of denoised ECG (Normal, Diabetic, Hypertensive and
Cardiac) were computed using Mexican hat (second derivative of Gaussian function) and
Morlet wavelet. Figures 5a, 6a, 7a and 8a represent the second cycle of aVL lead and the
corresponding WPS of the aforesaid four categories of ECG using Mexican hat wavelet is
given in Figures 5b, 6b, 7b and 8b using Morlet wavelet is Figures 5c, 6c, 7c and 8c. To make
the WPS analysis clearer, the Fourier period is used instead of wavelet scale as the dimension
of the vertical axis.

III. RESULTS AND DISCUSSION
The investigated results of second cycle of aVL lead in all four types of (Normal, Diabetic,
Hypertensive and Cardiac) ECGs have shown a fairly good response and are specified
hereunder.
The Wavelet Power Spectrum (WPS) with both Mexican hat and Morlet wavelets result in
symmetric energy distribution in Normal case with high energy (red colour) of 40 milli
seconds duration approximately.
Prolonged high energy distribution (red colour) of approximate 80 milli seconds duration is
observed in WPS of both Mexican hat and Morlet wavelet of Diabetic which may be
representing QT interval prolongation as an indication of patient suffering from CAN [53].
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Negative T wave in the aVL lead of Hypertensive ECG signifies repolarization anomaly and
the corresponding WPS of Mexican hat wavelet (Figure 6 (b)) has prolonged high energy
distribution between 220 to 280 milli seconds in the T wave region signifies Left Ventricular
Hypertrophy (LVH).
A VLP detection method based on the analysis of the behavior of the wavelet energy density
surface in a selected time frequency region occurring beyond the end of the QRS complex
was proposed by [54]. The high energy distribution in the WPS of Mexican hat wavelet
(Figure 7(b)) indicates presence of Myocardial Infarction (death of cardiac cells due to lack
of oxygen) in the cardiac ECG (Figure 7(a))
Morlet wavelet:  (t ) =

2
3
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Figure1: Real and imaginary parts of Morlet wavelet
Mexican hat wavelet:  (t ) =
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Figure 2: Mexican hat wavelet
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complex Gaussian wavelet:

(

d 2 − i 0 t − t 2
e e
2
dt

), 

0

5

Figure 3: Real and imaginary parts of Gaussian wavelet

Figure 4: (a) Decomposition and (b) Reconstruction filters of ‘bior1.1’

Figure 5 (a): The denoised Normal ECG of the second cycle of aVL lead
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Figure 5 (b): The WPS using Mexican hat wavelet

Figure 5 (c): The WPS using Morlet wavelet

Figure 6 (a): The denoised Diabetic ECG of the second cycle of aVL lead
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Figure 6 (b): The WPS using Mexican hat wavelet

Figure 6 (c): The WPS using Morlet wavelet

Figure 7 (a): The denoised Hypertensive ECG of the second cycle of aVL lead
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Figure 7 (b): The WPS using Mexican hat wavelet

Figure 7 (c): The WPS using Morlet wavelet

Figure 8 (a): The denoised Cardiac ECG of the second cycle of aVL lead
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Figure 8 (b): The WPS using Mexican hat wavelet

Figure 8 (c): The WPS using Morlet wavelet
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